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Abstract—Based on our previous work, this paper presents a
dynamic hybrid framework, called DyHF, for solving constrained
optimization problems. This framework consists of two major
steps: global search model and local search model. In the global
and local search models, differential evolution serves as the search
engine, and Pareto dominance used in multiobjective optimization
is employed to compare the individuals in the population. Unlike
other existing methods, the above two steps are executed dynamically according to the feasibility proportion of the current population in this paper, with the purpose of reasonably distributing the
computational resource for the global and local search during the
evolution. The performance of DyHF is tested on 22 benchmark
test functions. The experimental results clearly show that the
overall performance of DyHF is highly competitive with that of
a number of state-of-the-art approaches from the literature.
Index
Terms—Constrained
evolutionary
optimization,
constraint-handling technique, dynamic hybrid framework
(DyHF), multiobjective optimization.

I. I NTRODUCTION

I

N GENERAL, the constrained optimization problems
(COPs) can be formulated as follows: find the vector x =
(x1 , . . . , xn ) ∈ n which satisfies the l inequality constraints:
gj (x) ≤ 0,

j = 1, . . . , l

(1)

and the (m − l) equality constraints
hj (x) = 0,

j = l + 1, . . . , m

(2)

and minimizes the objective function f (x), where x ∈ Ω ⊆ S,
Ω is the feasible region defined by the m linear or nonlinear
constraints
Ω = {x ∈ S|gj (x) ≤ 0, j = 1, . . . , l;
hj (x) = 0, j = l + 1, . . . , m}

(3)
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and S is the decision space defined by the parametric
constraints
Li ≤ xi ≤ Ui ,

1 ≤ i ≤ n.

(4)

The inequality constraint that is equal to zero, i.e., gj (x) =
0 (j ∈ {1, . . . , l}), at any point x ∈ Ω is called active constraint
at x. All the equality constraints hj (x) (j = l + 1, . . . , m) are
considered active at all points of Ω.
In general, the degree of constraint violation of a vector x on
the jth constraint is defined as

1≤j≤l
max {0, gj (x)} ,
(5)
Gj (x) =
max {0, |hj (x)| − δ} , l + 1 ≤ j ≤ m
where δ is a positive
tolerance value for equality constraints.

x) reflects the degree of constraint
Then, G(x) = m
j=1 Gj (
violation of the vector x.
Evolutionary algorithms (EAs) are population-based search
methods that take their inspiration from natural selection and
survival of the fittest in the biological world. Facts have proved
that EAs are very suitable to handle complicated COPs. The use
of EAs for COPs has significantly grown in the past decade,
giving rise to a large number of constrained optimization evolutionary algorithms (COEAs) [1]–[3].
COEAs consist of two major components: the search algorithm and the constraint-handling technique [3], [4]. Thus,
the performance of COEAs is primarily dependent on these
two components. The aim of the search algorithm is to adjust
the exploration and exploitation abilities of the population,
while the constraint-handling technique focuses on how to
incorporate the constraints into the evolutionary process. The
most popular constraint-handling techniques used in COEAs
involve: methods based on penalty functions, methods based on
biasing feasible over infeasible solutions, and methods based on
multiobjective optimization concepts [1]–[3].
In [4], a hybrid EA called HCOEA is proposed by the
authors to solve 13 benchmark test functions, which consists
of both the global and local search models. However, the main
drawback of HCOEA is that the performance of HCOEA is
very sensitive to the problem-dependent expanding factor in
the simplex crossover [5]. A trial-and-error process has to be
used to choose a proper value for this expanding factor for
the problems at hand, which limits the real-world applications
of HCOEA. Moreover, HCOEA fails to solve some complex
COPs such as the second, seventh, and tenth test functions
used in [4].
To overcome the above drawbacks and further improve the
performance of HCOEA, we generalize the idea of HCOEA
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and propose a dynamic hybrid framework called DyHF in
this paper, for constrained evolutionary optimization. Compared with HCOEA, DyHF has the following features: 1) the
global and local search models are dynamically applied by
tracking the feasibility proportion of the current population;
2) differential evolution (DE) serves as the search engine to
generate the offspring population during both the global and
local search process; and 3) the parameter settings are kept the
same for different problems. DyHF has been conducted to solve
22 benchmark test functions. The experimental results indicate
that DyHF is performed quite well since it can solve all the test
functions.
The rest of this paper is organized as follows. Since DE
is used as the search algorithm in this paper, it is briefly
introduced in Section II. Section III briefly reviews the related
work. Section IV describes the proposed DyHF in detail. The
experimental results are given in Section V. More discussions
on the performance of DyHF are provided in Section VI.
Finally, Section VII concludes this paper.
II. D IFFERENTIAL E VOLUTION (DE)
DE, which is proposed by Storn and Price [6], implements
mutation, crossover, and selection operations to update the
population during the evolution. There are several versions for
DE. The one used in this paper is called DE/rand/1/bin.
The population of DE consists of N P n-dimensional realvalued vectors
xi = {xi,1 , xi,2 , . . . , xi,n },

i = 1, 2, . . . , N P.

(6)

Taking into account each individual xi (called a target vector), a
mutant vector vi = {vi,1 , vi,2 , . . . , vi,n } is obtained by adding
the weighted difference of two population members to a third
individual
vi = xp + F · (xq − xr )

(7)

where p, q, and r are randomly selected from [1, N P ] and
satisfy: p = q = r = i, and F is the scaling factor.
After the mutation operation, the trial vector ui is generated
by making use of a binomial crossover operation on the target
vector xi and the mutant vector vi

vi,j if randj ≤ Cr or j = jrand
(8)
ui,j =
xi,j otherwise.
where i = 1, 2, . . . , N P , j = 1, 2, . . . , n, jrand is a randomly
chosen integer between 1 and n, randj is the jth evaluation of
a uniform random number generator between 0 and 1, and Cr
is the crossover control parameter. “j = jrand ” can guarantee
that the trial vector ui differs from its target vector xi .
Selection operation is conducted by comparing the target
vector xi against the trial vector ui . The better one will enter
the next generation

ui if f (ui ) ≤ f (xi )
xi =
(9)
xi otherwise.

III. R ELATED W ORK
In the special session on constrained real-parameter optimization of the 2006 IEEE congress on evolutionary computation (CEC2006) [7], a variety of COEAs have been proposed.
Takahama and Sakai [8] proposed an approach called εDE,
which combines the ε constrained method [9] with DE. Liang
and Suganthan [10] combined dynamic multiswarm particle
swarm optimization (PSO) with a novel constraint-handling
mechanism. Brest et al. [11] adopted self-adaptive jDE-2 algorithm [12] to solve COPs. In [13] and [14], Zielinski and
Laur exploited DE and PSO as the search engine to solve
COPs, respectively. Tasgetiren and Suganthan [15] presented
a multipopulated DE. A novel method called PESO+ (particle evolutionary swarm optimization plus) is proposed by
Munoz-Zavala et al. [16]. Mezura-Montes et al. [17] presented
a modified DE-based approach. This method allows each solution to generate more than one offspring based on a modified
DE which combines the information of the best solution and the
current solution to define new search directions. Huang et al.
[18] also introduced a self-adaptive DE for COPs. Runarsson
[19] proposed an approximation of evolution strategy (ES)
using stochastic ranking [20], the purpose of which is to
reduce the number of fitness evaluations. Generalized DE is
proposed by Kukkonen and Lampinen [21]. Sinha et al. [22]
employed a population-based steady-state optimization algorithm for COPs.
During the past four years, solving COPs by EAs has
still attracted wide research interest, and some methods have
been proposed. Cagnina et al. [23] introduced an enhanced
PSO algorithm called CPSO-shake. Leguizamón and Coello
Coello [24] presented a boundary search-based ant colony
optimization algorithm. Mezura-Montes and Cecilia-LópezRamírez [25] presented a comparison of four bio-inspired algorithms (i.e., DE, genetic algorithm, ES, and PSO) to solve
24 benchmark test functions. Huang et al. [26] proposed a coevolutionary DE which employs the notion of co-evolution to
adapt penalty factors. Mallipeddi and Suganthan [27] presented
empirical studies to evaluate the performance of four constrainthandling methods using an adaptive evolutionary programming.
Wang et al. [28] proposed an adaptive tradeoff model to handle
constraints. Barkat Ullah et al. [29] proposed an agent-based
memetic algorithm. Huang et al. [30] proposed a constrained
sorting method which is based on a dynamic penalty function
and a nondominated sorting technique. Li et al. [31] proposed
a DE with level comparison for constrained optimization.
Tessema and Yen [32] introduced an adaptive penalty formulation to construct the fitness function. Jia et al. [33] proposed
a biobjective-based EA called BIEA.
From the above literature review, we can observe that the
hybrid evolutionary framework including both the global and
local search has seldom been investigated by the researchers
in the community of constrained evolutionary optimization.
Although HCOEA is an attempt to help close the research gap
in this particular topic, the performance of HCOEA is sensitive
to some problem-dependent parameters and is not well for some
complex COPs. Moreover, the method describing how to make
the hybrid evolutionary framework more effective and efficient
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is usually neglected in HCOEA. These considerations motivate
us to present a dynamic hybrid framework (DyHF) to deal with
COPs.
IV. P ROPOSED M ETHOD
In principle, the proposed DyHF belongs to the category of
the methods based on multiobjective optimization concepts,
since it transforms a COP into a biobjective optimization
problem f(x) = (f (x), G(x)) by treating the degree of constraint violation G(x) as an additional objective. As a result,
the original objective function f (x) and the degree of constraint violation G(x) should be considered simultaneously
when comparing the individuals in the population. Therefore,
Pareto dominance usually used in multiobjective optimization
is adopted to compare the individuals in the population. Let x1
and x2 be two individuals in the population, x1 is said to Pareto
dominate x2 (denoted as x1 ≺ x2 ), if 1) f (x1 ) ≤ f (x2 ) ∧
G(x1 ) ≤ G(x2 ), and 2) f (x1 ) < f (x2 ) ∨ G(x1 ) < G(x2 ). x1
and x2 are considered nondominated with each other if they
cannot Pareto dominate each other. In addition, x is called a
nondominated individual in the population if there is no other
x in the population such that x ≺ x.
A. Algorithmic Framework
At each generation, DyHF maintains:
1) a population P of N P individuals, i.e., x1 , x2 , . . . , xN P ;
2) their objective function values f (x1 ), f (x2 ), . . . ,
f (xN P ) and their degree of constraint violations
G(x1 ), G(x2 ), . . . , G(xN P ).
DyHF adopts the following framework for solving COPs:
Step 1. Set G = 0. Generate an initial population P by uniformly and randomly sampling from the search space S,
evaluate the f -value and the G-value for each individual,
and compute the number of feasible solutions (N F ) in P .
Step 2. If rand < (N P − N F )/N P , where rand is a uniformly distributed random number between 0 and 1, then
the local search is applied, otherwise, the global search is
applied.
Step 3. Compute the number of feasible solutions (N F ) in P .
Step 4. Set G = G + 1.
Step 5. If the stopping criterion is met, stop and output the best
solution xbest in P , else go to Step 2.
Next, we will discuss the implementation of the global and
local search models in detail.
B. Global Search Model
During the evolution, the global search model mainly focuses
on refining the overall performance of the population and
exploring more promising region, which works as follows.
Step 1. Each target vector xi (i = 1, 2, . . . , N P ) in the population P is used to create a trial vector ui through the
mutation and crossover operations of DE.
Step 2. Compute the f -value and the G-value for the trial
vector ui .
Step 3. If ui ≺ xi , the trial vector ui will replace the target
vector xi , else no replacement occurs.

Fig. 1. Schematic diagram to illustrate the Pareto dominance relationship
between the target vector and the trial vector.

Since DyHF converts a COP into a biobjective optimization
problem f(x), instead of utilizing the comparison criterion
in equation (9), the comparison of individuals is based on
Pareto dominance in the global search model. By using the trial
vector to eliminate the inferior target vector, the update of the
population P is achieved.

C. Local Search Model
Although the global search model has the capability to guide
the population toward more promising region by replacing the
target vector with the superior trial vector, the convergence
speed of it may be slow. For instance, if the feasible region occupies a very small part of the whole search space, in the early
stage the population may often contain infeasible solutions
only. Under this condition, the trial vector may be infeasible
and may be frequently nondominated with or dominated by its
target vector in the global search model, if we only use Pareto
dominance as the comparison criterion. Thus, the population
cannot quickly approach the feasible region and may stagnate in
the infeasible region. An illustrative example is shown in Fig. 1.
In Fig. 1, the target vector x is an infeasible solution since
G(x) > 0, the corresponding trial vector u can Pareto dominate
x only when its image in the objective and constraint spaces
is located in the region ABCDA. As a result, u might be always nondominated with or dominated by x and, consequently,
u cannot survive into the next population.
To address the above issue, the local search model is introduced, the property of which is to efficiently guide the
population toward the feasible region from different directions.
In the local search model, the population P is firstly clustered
into a number of subpopulations with size N S as follows.
Step 1. Randomly select a reference point r from the search
space.
Step 2. Find the nearest individual x ∈ P to r, which means
that compared with the other individuals in P , x has the
minimum Euclidean distance from r. Note that in this
paper, Euclidean distance is calculated in the decision
space.
Step 3. Combine N S − 1 individuals of the population P ,
which are nearest to x , with x to form a subpopulation.
Step 4. Eliminate these N S individuals from P .
Step 5. Execute Step 2–Step 4 continuously until the population
P is divided into N P/N S subpopulations.
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Fig. 2. Two-dimensional search space, the feasible region, the reference point,
and the seven subpopulations.

The schematic graph of the above procedure in a 2-D search
space is shown in Fig. 2, in which the population P contains
70 individuals and is split to seven subpopulations. Afterward, each subpopulation is evolved according to the following
steps.
Step 6. Use the mutation and crossover operations of DE to
produce the offspring subpopulation, i.e., the set of all the
trial vectors of each subpopulation.
Step 7. The nondominated individuals of the offspring subpopulation are identified, and each nondominated individual is
used to replace a randomly selected dominated individual
(if it exists) in the subpopulation.
Step 8. Use the best infeasible individual (i.e., the infeasible solution with the lowest degree of constraint violation) of the
nondominated individuals in the offspring subpopulation to
randomly replace an individual in the subpopulation, if all
the nondominated individuals in the offspring subpopulation are infeasible, and this best infeasible individual does
not replace any individual in the subpopulation from Step 7.
The main reason why Step 7 is applied is that the nondominated individuals represent the most important information of
the population to which they belong [4]. The aim of Step 8
is to motivate each subpopulation toward the feasible region
constantly. By partitioning the population into different subpopulations, the local search model is intended to approach the
feasible region from different directions.
D. Dynamic Implementation of the Global and Local
Search Models
As pointed out previously, the local search model is mainly
exploited to motivate the population to approach or enter the
feasible region from different directions promptly, since there is
no prior knowledge about the location and shape of the feasible
region. Therefore, the local search model is very useful for
the search in the early stage. However, the primary purpose of
the global search model is to sample more promising region.
Indeed, the global search model can play an important role only
when the population has approached or entered the feasible
region, since if the population is very far away from the feasible
region, the behavior of the global search model is similar to

random walk in the search space (as analyzed in Section IV-C).
In particular, if the global search model has concrete capability
to explore the feasible region under the condition that the
population is close to or enters the feasible region, the algorithm
is able to find the global optimum with a higher probability.
Meanwhile, it is noteworthy that if the local search model is
conducted too frequently when the population has approached
or entered the feasible region, the computational resource might
be wasted seriously.
Based on the above consideration, it is more reasonable
to dynamically implement the local and global search models according to the state of the population to support both
convergence and feasibility. In this paper, the application of
the global and local search models is dynamically determined
according to the feasibility proportion of the current population.
By doing this, we attempt to control the frequency of applying
the global search and the local search to maintain a balance
between searching for feasible solutions and converging to fitter
solutions. In the early stage, the feasibility proportion of the
population may be very small or equal to zero. In this case,
the local search model is performed with a higher frequency to
guide the population toward feasibility promptly. Along with
the evolution, the population may converge near the feasible
region, and some individuals of the population may be feasible.
Thus, the global search is gradually strengthened to encourage
the individuals to probe more promising region (especially to
probe the feasible region). At the later stage of search, most
of the individuals of the population may be feasible, and,
as a result, the local search model is executed with a less
probability, and the global search model is mainly used to refine
the overall quality of the population. Hence, the above dynamic
implementation of the global and local search models in DyHF
can switch smoothly from feasibility to convergence.
Schematic diagrams of the global and local search models
are depicted in Fig. 3. From Fig. 3(a), we can observe that the
feasible region is very small compared with the whole search
space, and the global optimum is located on the boundary of the
feasible region. Suppose that the initial population contains nine
individuals randomly chosen from the search space [Fig. 3(a)].
Since there is no feasible solution in the initial population,
only the local search model will be implemented in DyHF.
In the local search model, the population will be divided into
several subpopulations, and each subpopulation has its search
direction to approach the feasible region [Fig. 3(b)]. During
the evolution, some individuals will enter the feasible solution
and become feasible [Fig. 3(c)]. Under this condition, if we
still only apply the local search model, the population will
be partitioned into several subpopulations [Fig. 3(d)], and the
search ability of each subpopulation might be weak in the
feasible region. As a result, each subpopulation will converge
to a local optimal basin, and the global optimum cannot be
attained in the end [Fig. 3(e)]. However, in DyHF, the global
search model will be incorporated under the condition shown in
Fig. 3(c). By making use of the global search model, the search
of the population will be diversified, and the global exploration
ability of the population will be enhanced significantly. As
a result, the population can gradually converge to the global
optimum [Fig. 3(f) and (g)].
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Schematic diagrams to illustrate the global search model and the local search model.

Remark 1: The feasibility proportion of the population has
also been exploited by Wang et al. [28] and Tessema and Yen
[32]; however, in these two papers the feasibility proportion is
used to construct the fitness function, by which some potential
feasible and infeasible solutions can survive into the next
population. In contrast, in this paper, the feasibility proportion
is used to control the frequency of the implementation of the
global and local search models. Therefore, the idea of this paper
is quite different from that of [28] and [32].
Remark 2: Ray and Liew [34] proposed a society and civilization model to solve COPs. In this model, a society contains
a cluster of individuals in the search space, and a civilization is
a set of such societies. During the evolution, the quality of the
individuals in a society is enhanced by learning from the leaders
of this society (called intrasociety information exchange). In addition, the leaders of a society improve their quality by learning
from the leaders of other societies (called intersociety information exchange). Indeed, the intersociety information exchange
and the intrasociety information exchange are similar to the
global search and the local search, respectively. However, the
principle and motivation of the global and local search in DyHF
are quite different from those of the intersociety and intrasoci-

ety information exchange in [34]. Moreover, in this paper, the
global search and the local search are executed dynamically.

V. E XPERIMENTAL R ESULTS
A. Experimental Settings
Although 24 benchmark test functions are collected in [7], we
do not use two of them to evaluate DyHF because almost no
approaches can find the feasible solutions for these two test functions (i.e., g20 and g22) so far. Information on these test functions is tabulated in [7]. It is necessary to notice that an improved
best known solution has been found in this paper for test function
g17, which is x∗ = (201.784462493550, 100.000000000000,
383.071034852773, 419.999999999999, −10.907793031517,
0.073148231208) with f (x∗ ) = 8853.533874806482. The similar result has also been reported in [21] for this test function.
DyHF includes six parameters: the size of the population
P (N P ), the size of each subpopulation (N S), the scaling
factor and the crossover control parameter of DE in the local
search model (F1 and Cr1 ) and in the global search model
(F2 and Cr2 ).
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TABLE I
F UNCTION E RROR VALUES ACHIEVED W HEN FES = 5 × 103 , FES = 5 × 104 , AND FES = 5 × 105 FOR T EST F UNCTIONS G01-G06

There are some guidelines for determining the settings of
the aforementioned six parameters. To avoid premature convergence, the size of the population P should be relatively
large. As analyzed in [4], to obtain competitive performance,
a bigger value for the size of the subpopulation is needed.
There are two reasons: 1) the subpopulation with a bigger
size is more powerful to probe a larger search region and to
rapidly approach the feasible region than the subpopulation
with a smaller size; and 2) the subpopulation of a bigger
size can involve both feasible and infeasible solutions with a
higher probability than the subpopulation of a smaller size.
It is important to note that applying crossover and mutation
operations of DE to both feasible and infeasible solutions in
some promising region is very useful for the algorithm to find
the optimal solution exactly located on the boundary of the
feasible region.
In addition, the choice of the control parameters in DE is also
critical for the performance of DyHF. Since the local search
model of DyHF aims at promptly guiding the subpopulations
toward the feasible region from various directions, each subpopulation should be capable of exploring more promising regions constantly, and the diversity of each subpopulation should
be maintained. As a result, relatively bigger values are required
for F1 and Cr1 . The bigger value of F1 means that the mutant
vectors generated by the mutation operation are distributed
widely and that the mutation is able to sufficiently sample
the region of interest. In addition, the bigger value of Cr1
means that the offspring population generated via the crossover
operation is quite different from the parent population, since
the offspring population will inherit little information from
the parent population. Thus, the diversity of the subpopulation
can be kept. In addition, as analyzed previously, the global
search model plays its important role mainly in the middle
and later stages of the evolution; therefore, the value of F2
should be slightly smaller so as to speed up the convergence
of the algorithm.

Based on the above discussion, the actual parameter settings
are N P = 140, N S = 10, F1 = 0.7, Cr1 = 1.0, F2 = 0.5, and
Cr2 is set as follows:

Cr2 =

1.0
0.1

if rand < Pcr2
otherwise

(10)

where rand is a uniformly distributed random number between 0 and 1. The main motivation of equation (10) is to
balance the exploration and exploitation of the population in
the global search model. If Cr2 = 1.0, no information of the
offspring is derived from the target vector, and, as a result,
the population focuses on exploration. On the other hand, if
Cr2 = 0.1, the offspring gets more information from the target
vector, and the search focuses on the neighborhood of the
current population, which can accelerate the convergence of
the population. We also observe that if “Cr2 = 1.0” is used
with a slightly higher probability than “Cr2 = 0.1,” the performance of DyHF will be more competitive. Hence, Pcr2 is
set to 0.75 in this paper, which encourages more exploration
characteristic.
B. Experimental Results
The performance of DyHF is assessed on 22 benchmark test
functions. For each test function, 25 independent runs are performed using 5 × 105 fitness evaluations (FES) at maximum.
The tolerance value δ for the equality constraints is set to 0.0001
according to the suggestion in [7].
Tables I–IV record the best, median, worst, mean, and standard deviation of the function error value (f (x) − f (x∗ )) for
the achieved best solution x after 5 × 103 FES, 5 × 104 FES,
and 5 × 105 FES for each test function. In these tables,
numbers in the parenthesis after the function error values of
the best, median, and worst solutions show the corresponding number of violated constraints at the best, median, and
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TABLE II
F UNCTION E RROR VALUES ACHIEVED W HEN FES = 5 × 103 , FES = 5 × 104 , AND FES = 5 × 105 FOR T EST F UNCTIONS G07-G12

TABLE III
F UNCTION E RROR VALUES ACHIEVED W HEN FES = 5 × 103 , FES = 5 × 104 , AND FES = 5 × 105 FOR T EST F UNCTIONS G13-G18

worst solutions, respectively. Numbers of constraints, the violations of which at the median solution are within the intervals [1.0, ∞), [0.01, 1.0) and [0.0001, 0.01), are shown in c,
respectively.
One of the first observations from Tables I–IV is that for
all the test functions, except for test function g21, feasible
solutions can be consistently found using 5 × 104 FES. For test
function g21, feasible solutions can be found in all trials using
5 × 105 FES.
From Tables I–IV, we also observe that DyHF can produce
the results relatively near the best known solutions by using
5 × 104 FES for test functions g04, g06, g08, g09, g11, g12,
g15, g16, and g24. Moreover, the function error values provided
by DyHF are extremely small for all the test functions in
5 × 105 FES. The above behavior exhibits the great robustness
of DyHF.

Table V shows the number of FES to achieve the success condition: f (x) − f (x∗ ) ≤ 0.0001 and x is feasible, the feasible
rate (the percentage of runs where at least one feasible solution
is found), the success rate (the percentage of runs where the
algorithm finds a solution that satisfies the success condition),
and the success performance (the mean number of FES for successful runs multiplied by the number of total runs and divided
by the number of successful runs) for all the 22 test functions.
It can be observed from Table V that DyHF achieves 100%
feasible rate and 100% success rate for all the 22 test functions, which means DyHF has the capability to solve these
test functions consistently. From Table V, it is also obvious
that DyHF uses less than 5 × 104 FES for 12 test functions,
less than 1.5 × 105 FES for 20 test functions, and less than
2.2 × 105 FES for all the test functions, to achieve the success
condition under the mean condition.
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TABLE IV
F UNCTION E RROR VALUES ACHIEVED W HEN FES = 5 × 103 , FES = 5 × 104 , AND FES = 5 × 105 FOR T EST F UNCTIONS G19, G21, G23, AND G24

TABLE V
N UMBER OF FES TO ACHIEVE THE S UCCESS C ONDITION , S UCCESS R ATE , F EASIBLE R ATE , AND S UCCESS P ERFORMANCE

C. Comparison With Some State-of-the-Art Approaches in
Constrained Evolutionary Optimization
This subsection presents a performance comparison between
DyHF and six state-of-the-art approaches: εDE [8], jDE-2 [11],
MPDE [15], MDE [17], SaDE [18], and GDE [21]. It is necessary to note that DE is adopted as the search engine by the above
six methods and DyHF. The comparative results are presented
in Table VI in terms of two performance indicators, i.e., feasible
rate and success rate. The experimental results of the above
six methods are directly taken from the literature. Note that
the experimental results of those test functions for which all
the methods compared can achieve both 100% feasible rate and
100% success rate are omitted due to space limitations.

As shown in Table VI, DyHF has similar performance
with εDE, jDE-2, MDE, and SaDE and exhibits superior
performance compared with MPDE and GDE, in terms of
the mean feasible rate. Although the mean feasible rates of
εDE and SaDE are outstanding, it is necessary to note that
gradient information of test functions is required by these
two methods.
In terms of the success rate, no performance difference is
found between εDE and DyHF. However, it is noteworthy that
DyHF is based on pure evolutionary methods compared with
εDE. In addition, the mean success rate of DyHF is significantly
better than that of jDE-2, MPDE, MDE, SaDE, and GDE.
Furthermore, an improved best known solution has been found
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TABLE VI
C OMPARISON OF DY HF W ITH R ESPECT TO εDE [8], JDE-2 [11], MPDE [15], MDE [17],
SADE [18], AND GDE [21], IN T ERMS OF F EASIBLE R ATE AND S UCCESS R ATE

TABLE VII
C OMPARISON OF DY HF WITH R ESPECT TO εDE [8], JDE-2 [11], MPDE [15], MDE [17], AND GDE [21], IN T ERMS OF THE E FFICIENCY

in this paper for test function g17. Based on this solution,
the six methods except for GDE are unable to solve this test
function even in one run, according to the target accuracy level.
Moreover, GDE obtains this solution only a few times out of
25 runs.
In addition to the feasible rate and the success rate, DyHF
has also been compared with these six methods in terms
of the efficiency. Indeed, the efficiency of a method can be
measured by the success performance. Table VII summarizes
the success performance of the different methods, where “N A”
denotes that the success performance is not available since the
corresponding success rate of a method is 0%. In Table VII,
the success performance of εDE, jDE-2, MPDE, MDE, and
GDE is directly taken from the literature. Note that for
SaDE, the sequential quadratic programming method is exploited as the local search operator; thus, the number of
FES exhausted by the local search cannot be exactly computed. Therefore, the experimental results of SaDE have not
been included in Table VII. We test the efficiency of these
methods by the sum of the success performance, since the
evaluation of the objective function and the degree of constraint violation may consume the main computation time

at each generation, especially for some complicated COPs.
From Table VII, it is clear that DyHF exhibits the highest
efficiency as far as the sum of the success performance is
concerned.
To conclude, the results obtained in this paper are highly
competitive. In addition, our approach is also quite efficient. The above discussion substantially establishes DyHF
as a competitive alternative for constrained real-parameter
optimization.
VI. D ISCUSSION
A comprehensive set of experiments are conducted in this
section to verify the effectiveness of some mechanisms proposed in this paper and to explain the rationality behind the
parameter settings. To maintain a fair comparison for all experiments: 1) the parameter settings are the same as those
recommended in Section V-A, unless we mention new settings
for one or some of them to serve the purpose of parameter
study; 2) for all conducted experiments, 25 independent trials
are executed; 3) only the experimental results of those test
functions, for which at least one of the compared methods
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TABLE VIII
M EAN O BJECTIVE F UNCTION VALUE , S UCCESS R ATE , AND F EASIBLE R ATE ON T EST F UNCTIONS G01, G02, G03, G05, G06, G07, G10, G13,
G 14, G 15, G 16, G 17, G 18, G 19, G 21, AND G 23 W ITH D IFFERENT P ROBABILITIES OF A PPLYING THE L OCAL S EARCH M ODEL OVER 25 RUNS

cannot achieve both 100% success rate and 100% feasible rate,
are summarized due to space limitations; and 4) we summarize
the experimental results in terms of three indicators, i.e., mean
objective function value, success rate, and feasible rate.
A. Effectiveness of Dynamic Implementation of the Global and
Local Search Models
Unlike the previous studies, in this paper, the global and
local search models are implemented dynamically based on
the feasibility proportion of the current population. To verify
that the achieved performance of our algorithm is really due to
utilizing the dynamic implementation of these two models, all
parts of our algorithm are kept untouched, and the local search
model is performed with different constant probabilities, i.e.,
0.0, 0.3, 0.5, 0.7, and 1.0. The probabilities “0.0” and “1.0”
signify that DyHF only includes the global search model and
the local search model, respectively. Table VIII summarizes
the experimental results of test functions g01, g02, g03, g05,
g06, g07, g10, g13, g14, g15, g16, g17, g18, g19, g21, and g23
for different algorithms. Our original algorithm is referred as
“dynamic” in Table VIII.
From Table VIII, it is clear that performance degradation
arises when implementing DyHF with constant probabilities. If
only the global search is adopted (i.e., the probability is equal

to 0.0), the algorithm cannot consistently find the feasible solutions for test functions g03, g05, g10, g13, g14, g15, g16, g17,
g18, g21, and g23. It is because the global search model cannot
guide the population toward the feasible region effectively (as
analyzed in Section IV-C). If only the local search is adopted
(i.e., the probability is equal to 1.0), although the algorithm is
able to enter the feasible region in all runs, it fails to solve test
functions g01, g02, g03, g05, g07, g10, g13, g17, g19, g21,
and g23 in some trials. It is because the ability of the algorithm
to improve the feasible solutions inside the feasible region is
not good due to the lack of the global search. When the local
search is performed with a relatively small probability (i.e.,
0.3), the algorithm is unable to solve test functions g02, g21,
and g23 consistently. When the local and global search models
are executed with an equal probability (i.e., 0.5), the algorithm
is likely to get stuck at a local optimum for test functions g02,
g17, g21, and g23. When the local search model is applied with
a relatively large probability, (i.e., 0.7), premature convergence
arises for test functions g02 and g17. The above phenomena
are because DyHF with constant probabilities fails to make
a reasonable balance between the local and global search. In
contrast, our original algorithm can succeed in solving these
test functions consistently.
Furthermore, based on our observation, DyHF with dynamic
implementation of the global and local search models converges
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Probability of the local search model versus generation for test functions g02, g04, g12, g14, and g15.

significantly faster than DyHF with constant implementation
of the global and local search models, which signifies that
the latter cannot properly distribute available computational
resource during the evolution.
To further analyze the behavior and principle of DyHF, we
record the probability of the local search model of a typical
run in Fig. 4 for five test functions: g02, g04, g12, g14, and
g15. For test function g02, the probability of the local search
model is equal to zero during the evolution [Fig. 4(a)]. It is
because g02 has a relatively large proportion of the feasible
region (99.9971%), and all the individuals in the population are
feasible during the evolution. Actually, g02 has a very rugged
fitness landscape and is mainly used to investigate the global
search ability of an algorithm. For test functions g04 and g12,
the initial population consists of both the feasible and infeasible
solutions [Fig. 4(b) and (c)]. As a result, the probability of
the local search model is less than 1 at the beginning. Along
with the evolution, the probability of the local search model
decreases drastically due to the fact that more and more individuals in the population become feasible. Hereafter, the global
search model plays a major role in searching for the global optimum in the feasible region. When the procedure terminates, the
probability of the local search model is slightly bigger than zero
and equal to zero for test functions g04 and g12, respectively.
For test functions g14 and g15, since the initial population is
entirely composed of infeasible solution, the probability of the
local search model is equal to 1 at the beginning [Fig. 4(d) and
(e)]. By making use of the local search model, the population
is able to approach or enter the feasible region promptly.
Therefore, the probability of the local search model is less than
1 after some generations. Afterward, the convergence behaviors
of test functions g14 and g15 are similar to that of test functions

g12 and g04, respectively. The reason why the probability of
the local search model is slightly bigger than zero in the end
for some test functions (such as g04 and g15) is that the newly
generated offspring cannot Pareto dominate some infeasible
solutions in the population, and, as a result, such infeasible
solutions are kept in the population consistently. According to
the above discussion, one can conclude that at different stages
of evolution, different probabilities for the local and global
search may be required to achieve the best performance.
B. Can DyHF Solve Unconstrained Single-Objective
Optimization Problems?
Unlike COPs, in which the search space consists of both
the feasible region and the infeasible region, for unconstrained
single-objective optimization problems (USOPs) all the individuals in the search space are feasible. Therefore, when
solving USOPs, the population contains feasible solutions only
(i.e., N F = N P ). Under this condition, DyHF only includes
the global search model, and the local search model is not
applied. It is noteworthy that DE/rand/1/bin, one of the
classic versions of DE, is considered as the global search model
in DyHF. Thus, DyHF can be used to solve USOPs directly,
since in this case, the degree of constraint violation of an
individual is equal to 0, and the comparison of individuals is
based only on the objective function value [like equation (9)].
C. Effect of the Parameter Settings
1) Effect of N P : We study the influence of the population size N P on the performance using N P = 80, 120,
140, 160, and 200. Table IX compares the experimental
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TABLE IX
M EAN O BJECTIVE F UNCTION VALUE , S UCCESS R ATE , AND F EASIBLE R ATE ON
T EST F UNCTIONS G02, G13, G17, G21, AND G23 W ITH VARYING N P OVER 25 RUNS

TABLE X
M EAN O BJECTIVE F UNCTION VALUE , S UCCESS R ATE , AND F EASIBLE R ATE ON
T EST F UNCTIONS G03, G17, G21, AND G23 W ITH VARYING N S OVER 25 RUNS

TABLE XI
M EAN O BJECTIVE F UNCTION VALUE , S UCCESS R ATE , AND F EASIBLE R ATE ON
T EST F UNCTIONS G01, G17, G21, AND G23 W ITH VARYING F1 OVER 25 RUNS

TABLE XII
M EAN O BJECTIVE F UNCTION VALUE , S UCCESS R ATE , AND F EASIBLE R ATE ON
T EST F UNCTIONS G10, G14, G17, G21, AND G23 W ITH VARYING Cr1 OVER 25 RUNS

results of test functions g02, g13, g17, g21, and g23. From
Table IX, it seems that a smaller value for N P (i.e., 80) will
lead to infeasible convergence, see, for example, test function
g21. In addition, smaller values (i.e., 80 and 120) also result
in premature convergence for some test functions. On the
other hand, when the population size N P is relatively bigger
(i.e., 200), incomplete convergence occurs for test function
g17. The above results verify that N P can be chosen from
140 to 160.
2) Effect of N S: The effect of the subpopulation size N S
on the performance is investigated by using different values: 6,
8, 10, 12, and 14. The experimental results of test functions g03,
g17, g21, and g23 are summarized in Table X.
As shown in Table X, the algorithms cannot consistently
reach the optimal solutions for test functions g13 and g17
and for test function g17, respectively, when N S = 6 and
8, which are slightly smaller subpopulation sizes. However,
it is necessary to note that a relatively greater value for the

subpopulation size (i.e., 14) also deteriorates the performance,
since the algorithm has the difficulty in consistently finding the
optimal solutions for test functions g21 and g23. When N S =
10 and 12, the algorithms have similar overall performance,
which suggests the range of [10, 12] for the subpopulation size.
3) Effect of F1 : We experiment with different scaling factor
F1 : 0.5, 0.6, 0.7, 0.8, and 0.9. Results of test functions g01, g17,
g21, and g23 are presented in Table XI.
For smaller values of F1 (i.e., 0.5 and 0.6), the algorithms
cannot find the feasible solutions in all runs for test function
g21 and cannot converge in all trials for some test functions. It
seems that no performance difference is observed when F1 =
0.7, 0.8, and 0.9. However, we find that the convergence speed
will degrade with the increase of F1 .
4) Effect of Cr1 : Table XII summarizes the results of test
functions g10, g14, g17, g21, and g23 in the case of the
crossover control parameter Cr1 alone being changed to 0.6,
0.7, 0.8, 0.9, and 1.0.
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TABLE XIII
M EAN O BJECTIVE F UNCTION VALUE , S UCCESS R ATE , AND F EASIBLE R ATE ON T EST F UNCTIONS G02, G03,
G 05, G 07, G 09, G 10, G 13, G 14, G 17, G 19, G 21, AND G 23 W ITH VARYING F2 OVER 25 RUNS

TABLE XIV
M EAN O BJECTIVE F UNCTION VALUE , S UCCESS R ATE , AND F EASIBLE R ATE ON T EST F UNCTIONS G01, G02,
G 05, G 07, G 09, G 10, G 14, G 17, G 19, G 21, AND G 23 W ITH VARYING Pcr2 OVER 25 RUNS

In the case of Cr1 = 0.6, 0.7, and 0.8, the performance
of the algorithms is irregular as shown in Table XII, since
the success rates gradually increase with the increase of Cr1
for test functions g10, g17, and g21, but the feasible rates
gradually decrease with the increase of Cr1 for test function
g14 and g23. In the case of Cr1 = 0.9, the overall performance of the algorithm significantly outperforms that of Cr1 =
0.6, 0.7, and 0.8. However, the algorithm still fails to solve
test functions g17 and g23 consistently when Cr1 = 0.9. In
the case of Cr1 = 1.0, the algorithm exhibits the best overall performance. We believe that it is because the diversity
of the population is very good when Cr1 = 1.0 since the
offspring is totally inherited from the mutant vector. Hence,
we conclude that significant improvements are obtained when
Cr1 = 1.0.
5) Effect of F2 : The effect of the scaling factor F2 in the
global search model has been demonstrated by carrying out
different experiments in which all the test functions are studied
at F2 = 0.3, 0.4, 0.5, 0.6, and 0.7. The results of test functions
g02, g03, g05, g07, g09, g10, g13, g14, g17, g19, g21, and g23
are summarized in Table XIII.
From Table XIII, it can be seen that the overall performance gradually becomes better with the scaling factor F2
being increased from 0.3 to 0.5. It seems that the algorithms
show similar overall performance when F2 = 0.5, 0.6, and 0.7.

However, based on our observation, the increase of F2 has a
negative influence on the convergence speed.
6) Effect of Pcr2 : Finally, Table XIV summarizes the experimental results of test functions g01, g02, g05, g07, g09, g10,
g14, g17, g19, g21, and g23 with different Pcr2 : 0.0, 0.5, 0.75,
and 1.0. Note that Pcr2 = 0.0 and Pcr2 = 1.0 mean Cr2 = 0.1
and Cr2 = 1.0 during the evolution, respectively.
In the case of Pcr2 = 0.0, the algorithm cannot consistently
converge to the optimal solutions for all the selected test
functions except for test function g01. Also, in the case of
Pcr2 = 1.0, the algorithm cannot consistently find the optimal
solutions for test functions g01, g02, g21, and g23. This is
because when Pcr2 = 0.0, the algorithm focuses on exploitation, and the global search ability becomes very poor, and
when Pcr2 = 1.0, the algorithm focuses on exploration, and the
convergence speed is not good. Thus, the overall performance
of the algorithms is not good when Pcr2 = 0.0 and 1.0. In the
case of Pcr2 = 0.5, the overall performance of the algorithm
is significantly better than the above two cases. This can be
attributed to the fact that under this condition, the algorithm
can balance the exploration and exploitation to a certain degree.
However, the performance of the algorithm with Pcr2 = 0.5
can be further improved by increasing Pcr2 to 0.75, especially
for test function g17. Therefore, Pcr2 = 0.75 is a good choice
for DyHF.
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VII. C ONCLUSION
To overcome the drawbacks and improve the performance of
HOCEA [4], a dynamic hybrid framework, referred as DyHF,
has been proposed in this paper to solve COPs. In DyHF,
the global search model is combined with the local search
model to search the optimal solution. During the evolution,
DE is considered as the search engine in these two kinds of
models. A remarkable difference between our method and other
existing methods is that in our method, the global and local
search models are executed dynamically based on the feasibility
proportion of the current population.
The performance of DyHF has been tested on 22 benchmark
test functions. Based on the experimental results, DyHF has
the capability to solve all the test functions successfully. The
overall performance of DyHF is very competitive with six stateof-the-art approaches in the community of constrained evolutionary optimization. In addition, the effectiveness of dynamic
implementation of the global and local search models and the
effect of the parameters on the performance have been studied
by experiments.
The source code of DyHF is written in MATLAB and can be
obtained from the first author upon request.
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