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Abstract In recent years, there has been considerable progress in the theoretical
study of evolutionary algorithms (EAs) for discrete optimization problems. However,
results on the performance analysis of EAs for NP-hard problems are rare. This paper
contributes a theoretical understanding of EAs on the NP-hard multiprocessor scheduling problem. The worst-case bound on the (1+1)EA for the multiprocessor scheduling problem and a worst-case example are presented. It is proved
that the (1+1)EA
√
1+ 5
on Q2 || Cmax problem achieves an approximation ratio of 2 in expected time
O(n 2 ). Finally, the theoretical analysis on three selected instances of the multiprocessor scheduling problem shows that EAs outperform local search algorithms on these
instances.
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1 Introduction
Evolutionary algorithms are a class of randomized heuristics that are based on analogies to natural evolution [1]. They have been widely applied to various complex realworld problems. The theoretical study of evolutionary algorithms has received much
interest in recent years [2–4]. There is a common belief that a solid foundation for
such heuristics is needed, which would improve the understanding of the algorithms,
guide the choice of the parameters, etc..
A major part of the theoretical research of evolutionary algorithms is the rigorous
runtime analysis that stems from the theoretical computer science and the probabilistic
analysis of randomized algorithms [5,6]. Oliveto et al. [3] gave a comprehensive
survey of the time complexity analysis of evolutionary algorithms up to 2007. For
more information and details, we refer the reader to the text book of Neumann and
Witt [4].
Initially, the runtime analysis was carried out on the simplest evolutionary algorithm called (1+1)EA for different kinds of artificial pseudo-Boolean functions such as
linear function, Leadingones, Trap functions etc. [7,8]. The study on these functions
with some structural properties is helpful to understand the behavior of evolutionary
algorithms and provides useful mathematical methods and tools for the analysis on
realistic problems. Later classical combinatorial optimization problems in the P class
such as maximum matchings [9], minimum spanning tree [10], shortest path [11,12]
etc. were considered. The analysis shows that evolutionary algorithms can solve classical polynomial-time problems efficiently in the expected polynomial time, although
they can not outperform the best problem-specific algorithms for these problems.
The population is the main element of evolutionary algorithms and there have been
theoretical investigations on the impact of different population sizes on the performance of EAs [13–16]. The analyses show that a large population may be helpful or
harmful for EAs on different instances.
In practice, many interesting discrete optimization problems are NP-hard [17].
Complexity theory tells us that there is no polynomial-time exact algorithm for such
problems unless P = N P, and this is very unlikely to be true. A natural question
arises whether approximate solutions can be found efficiently for such hard optimization problems. An algorithm for a minimization problem is called a α-approximation
algorithm if the algorithm produces a solution that has value at most α times the
optimal solution value.
Although evolutionary algorithms are claimed to be a class of global optimization
algorithms, one can not hope that they solve every instance of the NP-hard problem
in (expected) polynomial time. While evolutionary algorithms may be very efficient
in practice for obtaining near optimal solutions for the NP-hard problem, it is natural
to perform the approximation analysis which provides guarantees on the quality of
solutions obtained in the worst case.
One of the first performance analyses of evolutionary algorithms for NP-hard problems is by Witt [18], who investigated the performance guarantees of the (1+1)EA
and the randomized local search algorithm (RLS) on the partition problem, which
is equivalent to the simple case of the scheduling problem with two identical
machines(P2 || Cmax ). He proved that both algorithms achieve an approximation
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ratio of 43 for the partition problem in expected runtime O(n 2 ), and a variant of
the (1+1)EA with restarts is a PRAS (polynomial-time randomized approximation
scheme), i.e. it gives a (1 + )-approximation in expected time that depends polynomially on n and  > 0. An average-case analysis with respect to certain input
distributions showed that the (1+1)EA finds solutions that converge to optimality
in expectation. Gunia [19] later extended Witt’s result to k−partition problem. He
showed that the (1+1)EA and RLS create a (2k/(k + 1))−approximation on this
problem in an expected pseudo-polynomial runtime. Nevertheless, both algorithms
take an expected exponential running time to find (2k/(k + 1) − )−approximation
in the worst case for a constant  > 0. Recently, Sutton and Neumann [20]
studied multi-start evolutionary algorithms for the makespan scheduling on two
machines by carrying out parameterized runtime analyses. They showed that multistart variants of the (1+1) EA and RLS are Monte Carlo fpt-algorithms for a parameterization which considers the value of the optimal solution above its lower
bound.
Friedrich et al. [21] presented the theoretical analyses on the hybrid method combining evolutionary algorithms with approximation algorithms for the vertex cover
problem. They gave several specific instances to show that approximation solutions
can (or cannot) be improved by evolutionary algorithms. Recently, Yu et al. [22] studied an EA framework named simple EA with isolated population (SEIP) and showed
it achieves a Hk -approximation ratio (where Hk is the harmonic number of the cardinality of the largest set) for the unbounded set cover problem, and a Hk − k−1
8k 9
approximation ratio for the k-set cover problem in expected polynomial times. Sutton
and Neumann [23] investigated the randomized local search and the (1+1)EA using
2-opt mutation for the traveling salesman problem with few inner points. They showed
that under certain geometric constrains, evolutionary algorithms can solve the convex
TSP, and randomized local search algorithms find local optima both in polynomial
times.
The scheduling problems have been the subject of extensive research for over
50 years [24,25]. Most scheduling problems are NP-hard, even in the simple case with
two machines [17]. As a result, there have been many methods based on the heuristic
search to obtain optimal and sub-optimal solutions to the problems. The multiprocessor
scheduling problem is a basic and well studied NP-hard scheduling problem [26–31]. It
has a wide range of applications which include assembly of printed circuit boards [32],
design of flexible manufacturing systems [33] and efficient execution of computing
tasks on server systems [34]. In this paper, we carry out a performance analysis for the
evolutionary algorithm on the multiprocessor scheduling problem. We use the optional
stopping theorem to prove that the (1+1)EA, as well as the well-known swap local
search algorithm
[27,35], can achieve an expected polynomial time approximation
√
ratio of 1+2 5 for Q2 || Cmax problem, and this ratio is almost tight. We present three
selected instances of different types (namely, P || Cmax , Q || Cmax , and R2 || Cmax )
of the multiprocessor scheduling problem, in which local search algorithms may get
trapped in local optima, and we show that evolutionary algorithms can solve them
efficiently in expected polynomial time. We also present the worst-case bound on the
(1+1)EA for the multiprocessor scheduling problem and a worst case example.
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The rest of this paper is organized as follows. Section 2 introduces the problem,
algorithms and tools for the analysis of algorithms. Section 3 presents the worst-case
bounds of the (1+1)EA for the multiprocessor scheduling problem and proves the
performance guarantee of the (1+1)EA on Q2 || Cmax problem. Section 4 shows that
the (1+1)EA outperforms local search algorithms on three selected instances. Section
5 concludes the paper with a discussion of the results.
2 The Problem, Algorithms and Tools
In this section, we briefly describe the formulation of the multiprocessor scheduling
problem, local search and evolutionary algorithms for the multiprocessor scheduling
problem, and tools for the analysis of EAs.
2.1 The Multiprocessor Scheduling Problem
We consider the classical multiprocessor scheduling problem. We are given a set of n
jobs J = {J1 , · · · , Jn } and a set of m machines M = {M1 , · · · , Mm }. Each job needs
to be scheduled on a machine, and a machine can process at most one job at a time. The
processing time of job J j on machine Mi is denoted by pi j . The load on a machine is the
sum of the processing times of the jobs running on it. The machine with the maximum
load is called a critical machine. The objective of multiprocessor scheduling is to
determine a schedule of jobs on the machines to minimize the makespan, i.e., to
minimize the maximum loads of machines.
There are usually three types of machine environment: identical parallel machines,
uniform parallel machines and unrelated parallel machines.
In the identical parallel machines environment, denoted by P, the time required
for processing job J j is equal on all machines, i.e. pi j = p j , ∀i ∈ {1, . . . , m}. In the
uniform parallel machines environment, denoted by Q, each job J j has a processing
requirement p j and each machine Mi has speed si , and the time that it takes machine
Mi to process job J j is pi j = p j /si . In the unrelated parallel machines environment,
denoted by R, the processing time pi j may be arbitrary positive numbers.
The above classification scheme is introduced by Graham et al. [24]. When the
number of machines is part of the input, they denote these problems by P || Cmax , Q ||
Cmax , and R || Cmax respectively. When the number of machines is a constant m, these
problems are denoted by Pm || Cmax , Qm || Cmax , and Rm || Cmax , respectively.
It is well known that all these problems with m ≥ 2 are NP-hard [17]. For P || Cmax
and Q || Cmax problems, Hochbaum and Shmoys [29] presented a polynomial dual
2
algorithm that guarantees a relative error of  in time O((n/)1/ ). For R || Cmax
problem, Lenstra et al. [30] proposed a polynomial 2-approximation algorithm, and
demonstrate that no polynomial algorithm can achieve an approximation ratio less
than 3/2 unless P = N P.
2.2 Local Search Algorithms for the Multiprocessor Problem
A local search algorithm is an iterative algorithm that transforms one solution to
another according to some neighborhood structure. It starts from some given initial
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Table 1 The approximation ratio α obtained by local search (from [31])
Jump

Swap

Push

P2 || Cmax

4/3 [26]

4/3 [26]

8/7 [31]

P || Cmax

2
2 − m+1
[26]
√
1+ 5 [27]
2
√
1+ 4m−3
[27]
2
pmax
≤
α
[31]
∗
Cmax
pmax
≤ α [31]
∗
Cmax

2
2 − m+1
[26]
√
1+ 5 [27]
2
√
1+ 4m−3
[27]
2

4m
2
3m+1 ≤ α ≤ 2 − m+1 [31]
√
1+ 17 [31]
4
3 −  ≤ α ≤ 2 − 2 [31]
2
m+1

n − 1 ≤ α [31]

Undefined

pmax
≤ α [31]
∗
Cmax

Undefined

Q2 || Cmax
Q || Cmax
R2 || Cmax
R || Cmax

solution and then iteratively tries to find a better solution in an appropriately defined
neighborhood of the current solution. The local search algorithm stops at a locally
optimum solution when no better solution is found.
For the multiprocessor problem, there are typically three neighborhoods based
on jump, swap and push moves. A jump (also called move) neighbor is generated by
moving a job to a machine on which it is not scheduled. The swap neighbor is obtained
by interchanging the machine allocations of any two jobs which are not scheduled on
the same machine. The push neighborhood is a more complex one that is introduced in
[31]. The approximation ratios for local search algorithms with these neighborhoods
are summarized in Table 1.
2.3 The Evolutionary Algorithm for the Multiprocessor Scheduling Problem
An evolutionary algorithm is an iterative procedure which borrows the ideas of natural
selection and genetic evolution. It uses the principles of selection, reproduction and
survival of the fittest as a means for evaluating regions of the search space.
An evolutionary algorithm usually works with a population of potential solutions
which are called chromosomes in analogy to natural genetics, and uses a fitness value
to guide the search. For multiprocessor scheduling problem, a feasible solution is given
by a partition of job set J into m disjoint sets. In order to encode a solution of the
multiprocessor scheduling problem, we define variables

xi j =

1, if job J j is assigned to machine Mi ,
0, otherwise.

(1)

Hence, the multiprocessor scheduling problem is formulated as
Minimize
subject to
where li =

n

j=1 x i j pi j

max
l,
i i
m
i=1

xi j = 1, j = 1, . . . , n,

is the load of machine Mi and xi j ∈ {0, 1}.
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We make use of the vector schema to present variables xi j and the objective function.
Let x = (x11 , . . . , x1n , x21 , . . . , x2n , . . . , xm1 , . . . , xmn ) be the row vector whose
elements are those of matrix (xi j )m×n in row order, and let
max n
makespan(x) =
j=1 x i j pi j be the makespan for the schedule corresponding
i
x. Our objective is to minimize makespan(x) on search space
S ∗ = {x | x is the row vector of matrix (xi j )m×n in row order,
m

xi j = 0 or 1,
xi j = 1}.
i=1

We now describe the (1+1)EA, the perhaps simplest evolutionary algorithm using
mutation and selection approaches with population size of 1. The (1+1)EA is a simple
but effective random hill-climbing EA. Assume that f : S = {0, 1} N → R is the
objective or fitness function to be minimized. The (1+1)EA can be formalized as
follows.
Algorithm 1 The (1+1) EA
begin
initialization: Choose randomly an initial bit string x from search space S ;
while (termination-condition does not hold ) do
Mutation: x = mutate(x);
Selection: Replace x by x iff f (x ) < f (x).
od
end
Note that the (1+1)EA given in this paper only accepts strict improvements while
many versions of the (1+1)EA accept new solutions of the same fitness [4].
For the multiprocessor scheduling problem, the (1+1)EA generates an initial solution randomly, i.e., each job is assigned uniformly at random to each machine. The
algorithm creates new solution (offspring) x from old solution x by mutation as follows. Each job is scheduled on the same machine with probability 1 − pm (parameter
pm is called the mutation probability and its generic value equals 1/n), and leaves its
current machine with probability pm . Once a job leaves its current machine, it moves
to any other machine randomly. Hence, for job J j of x on machine Mi , it is scheduled
on the same machine Mi with probability 1 − pm , and it moves to machine Mk (k = i)
with probability pm /(m − 1).
2.4 The Martingale and Optional Stopping Theorem
Martingales are considered to be very useful tools for studying stochastic process
and have numerous applications of stochastic modeling. Details on this topic can be
found in any literature regarding random processes, e.g. [5,6]. The search processes
introduced by evolutionary algorithms may be modeled as (super)martingales. In this
paper we make use of martingales to prove our main result (Theorem 4).
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Martingales are stochastic processes that represent the notion of a fair game in the
context of gambling. In a fair game, the gambler’s fortune on the next play is, on the
average, his current fortune and not dependent upon the previous results.
The formal definition of a martingale is given below.
Definition 1 A sequence of random variables Z 0 , Z 1 , . . . is called a martingale with
respect to the sequence of random variables X 0 , X 1 , . . . if, for all n ≥ 0
(1) Z n is a function of X 0 , X 1 , . . . , X n ;
(2) E(| Z n |) < ∞;
(3) E(Z n+1 | X 0 , . . . , X n ) = Z n .
Definition 2 Let X = {X n : n ≥ 0} be a sequence of random variables defined on
the same probability space. A stopping time with respect to X is a random variable T
taking values in {0, 1, . . .} such that for each n ≥ 0, the event {T = n} is completely
determined by the information known up to the time n, {X 0 , X 1 , . . . , X n }.
For example, the first time the sequence X 0 , X 1 , . . . reaches a subset A of the state
space is a stopping time.
The term “determined” in the definition means the indicator function of the event
{T = n} can be written as a function of X 0 , X 1 , · · · , X n , i.e. the occurrence or nonoccurrence of the event {T = n} depends only on the values of X 0 , X 1 , . . . , X n . An
alternative and more general definition may be given in terms of the σ −fields [5].
The intuition behind the definition of the stopping time is that at any particular time
n, you can look at the sequence so far and tell if it is time to stop.
The following theorem called optional stopping theorem is one of the central facts
in the theory of martingale sequences [6].
Theorem 1 (Optional stopping theorem) Suppose that Z 0 , Z 1 , . . . is a martingale
with respect to the sequence of random variables X 0 , X 1 , . . . and T is a stopping time
for X 0 , X 1 , . . .. If one of the following conditions holds
(1) Z i is bounded, i.e. | Z i |≤ c for any i ≥ 0 and some constant c,
(2) T is bounded,
(3) E(T ) < ∞, and there is a constant c such that E(| Z i+1 −Z i | | X 0 , X 1 , . . . , X i )
≤ c for all i, then E(Z T ) = E(Z 0 ).
The optional stopping theorem shows that, under certain conditions, the expected
value of a martingale at a stopping time is equal to the expectation of its initial random
variable.
3 The Worst Case Bound on the (1+1)EA and the Approximation Guarantee of
the (1+1)EA for Q2 || Cmax Problem
3.1 The Worst Case Bound and a Worst Case Example for the (1+1)EA on
Rm || Cmax Problem
We consider the worst case runtime bound on the (1+1)EA for the multiprocessor
scheduling problem. We present a general worst case upper bound for the expected
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runtime of the (1+1)EA on any multiprocessor schedule instance, and describe a worst
case R || Cmax example to show this upper bound is attainable.
Theorem 2 The expected runtime of the (1+1)EA for any R || Cmax instance with m
machines and n jobs is at most (n(m − 1))n .
Proof Let x and x ∗ represent the current solution and the globally optimal solution
respectively. Since in one step of the (1+1)EA, a job remains on the same machine
1
, the
with probability 1 − n1 and moves to any other machine with probability n(m−1)
1
∗
n
probability mutating from x to x in one step is at least ( n(m−1) ) which proves the
theorem.
For an R || Cmax instance, the processing time of job J j on machine Mi is pi j , and
max
the maximum processing time is denoted as pmax =
pi j . The following example
ij
is given by Schuurman and Vredeveld [31]. By this instance, they derive a general
lower bound on the performance ratio of the jump local search algorithm for R || Cmax
problem.
E xampleI1 For given K > 1, consider n jobs and m = n machines. The processing
times of jobs are

pi j =

1,
K,

i f i = j,
other wise.

In the optimal schedule with makespan one, job Ji (i = 1, . . . , n) is assigned to
machine Mi . We now consider schedule σ1 in which job Ji (i = 1, . . . , n − 1) is
assigned to machine Mi+1 and Jn is assigned to M1 . This schedule is jump optimal
and has makespan K .
By this instance, the general performance guarantee of the jump local search algo∗ [31], where C ∗ is the optimal
rithm for R || Cmax cannot be smaller than pmax /Cmax
max
makespan.
Searching the optimal solution of I1 in the search space is similar to finding a needle
in a big haystack. Such problem is difficult for any search algorithm.
Theorem 3 Starting with schedule σ1 , the (1+1)EA on R || Cmax instance I1 takes
on average ((n(n − 1))n ) steps to reach the optimal schedule.
Proof Note that the optimal schedule has to be reached directly by mutating σ1 in one
1
)n which proves the theorem.
step. The probability for this event is ( n(n−1)
3.2 The Performance Guarantee of the (1+1)EA for Q2 || Cmax Problem
We now study the approximation performance of the (1+1)EA on Q2 || Cmax problem.
√
We show that the (1+1)EA reaches a solution with performance ratio at least 1+2 5 in
expected time O(n 2 ) and this bound is almost tight.
For given Q2 || Cmax instance Q, we have two machines M1 and M2 , and
nn jobs
pi .
J1 , . . . , Jn with processing requirements p1 , . . . , pn . We also define p = i=1
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In the following, we assume that machine M1 has a speed of 1 and M2 has a speed
of s ≥ 1. Note that these assumptions do not affect the generality of the proofs. In
order to simplify the notation, we define the search space S = {0, 1}n . For a solution
x = (x1 , x2 , . . . , xn ) ∈ S, each bit xi of x corresponds to job Ji . Job Ji is assigned to
machine M1 if x1 = 1 and otherwise it is assigned to machine M2 . This representation
differs from the one introduced in Sect. 2.3. Now every bit string corresponds to a
feasible schedule.
for a search point x =
Given the above representation,
nthe loads of M1 and M2
n
xi pi and l2 (x) = p− i=1
xi pi , respectively.
(x1 , x2 , · · · , xn ) ∈ S are l1 (x) = i=1
The fitness of x is given by
f it (x) = max{t1 (x), t2 (x)},

(2)

where t1 (x) = l1 (x) and t2 (x) = l2 (x)/s are the processing times of M1 and M2
respectively. √
Let ρ0 = 1+2 5 . Note that the definition of ρ0 implies 1 + ρ10 = ρ0 .
The following theorem, which is proven using the optional stopping theorem,
bounds the approximation ratio of the (1+1)EA on the Q2 || Cmax problem.
Theorem 4 For any Q2 || Cmax instance Q, let t ∗ (Q) be the optimal makespan of Q.
Assume that speed s is a constant (independent of n), then the (1+1)EA on Q reaches
a solution with makespan at most ρ0 t ∗ (Q) in an expected number of O(n 2 ) steps.
The objective of the (1+1)EA is to find a solution that has the optimal(smallest)
fitness value. We denote by X t (t = 0, 1, . . .) the random string describing at which
the (1+1)EA on Q is during iteration t. Suppose at iteration t, machine M1 defines the
fitness value, i.e. f it (X t ) = t1 (X t ). Let g(X t ) = t1 (X t ) − t2 (X t ) be the difference
of the finish times for the slower machine M1 minus the faster machine M2 . If there
exists a job on machine M1 whose processing time is less than g(X t ), then moving
this job from M1 to M2 will decrease the fitness function value. Intuitively, if this
reduction is always positive, we may expect that the fitness function reaches a value
no greater than ρ0 t ∗ (Q) at some time.
We partition the search space S into two sets, the approximation set S1 = {x ∈ S |
f it (x) ≤ ρ0 t ∗ (Q)} and its complement set S2 = {x ∈ S | f it (x) > ρ0 t ∗ (Q)}, and
define the indicator function of S2 as

1 S2 (x) =

1,
0,

i f x ∈ S2 ,
i f x ∈ S1 .

For sake of the proof of Theorem 4, we now define the distance between x ∈ S and
the approximation set S1 as
d(x, S1 ) = max{ f it (x) − ρ0 t ∗ (Q), 0} + p1 S2 (x),

(3)

n
where p = i=1
pi is the sum of all processing requirements. To be concise, we
denote the distance by d(x). The first term of the sum in (3) corresponds to the fitness
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function value, and a penalty-like term is added to penalize the solution in S2 . Clearly,
d(x) = 0 for any x ∈ S1 and d(x) > p for any x ∈ S2 .
In the following, we show that the random sequence d(X 0 ), d(X 1 ), . . . produced by
the (1+1)EA on Q reaches zero, the smallest distance value in expected time O(n 2 ),
which will prove the theorem.
Proof (Theorem 4)
t
(Yi − E(Yi | Y0 , . . . , Yi−1 ))
For t = 0, 1, . . ., let Yt = d(X t ). Then Z t = i=1
defines a martingale satisfying E(Z 0 ) = 0 (By convention, E(Yi | Y0 , . . . , Yi−1 )
= E(Yi ) when i = 0).
Indeed, for t = 1, . . . ,
E(Z t+1 | Z 1 , . . . , Z t ) = E(Z t+1 | Y0 , . . . , Yt )
= E(Z t | Y0 , . . . , Yt ) + E(Yt+1 − E(Yt+1 | Y0 , . . . , Yt ) | Y0 , . . . , Yt )
= Zt + 0 = Zt .
We assume that the initial fitness value of the (1+1)EA is greater than ρ0 t ∗ (Q). Let
T be the first time that the fitness value of the (1+1)EA is not greater than ρ0 t ∗ (Q),
i.e. T = min{t : X t ∈ S1 }. Note that random variable T is a stopping time.
We can rewrite Z T as
Z T = YT − E(YT | Y0 , . . . , YT −1 ) + · · · + Y1 − E(Y1 | Y0 ) + Y0 − E(Y0 )
= YT +

T

(Yt−1 − E(Yt | Y0 , . . . , Yt−1 )) − E(Y0 )

(4)

t=1

For 1 ≤ t ≤ T , we claim that
Yt−1 − E(Yt | Y0 , . . . , Yt−1 ) ≥ 
We define ts =
i.e.

p
1+s . Note that ts

 p
.
n2

(5)

is the theoretically smallest finish time attainable,
ts ≤ t ∗ (Q).

(6)

We prove the above claim by considering two cases.
Case 1 s ≥ ρ0 .
We argue that even when all jobs are assigned to machine M2 , t2 (X t ) the processing
time of M2 at any time t satisfies
t2 (X t ) ≤ ρ0 t ∗ (Q).
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Indeed,
t2 (X t ) ≤

p
1+s p
=
s
s 1+s


1 ∗
t (Q)
≤ 1+
(by(6))
s


1
t ∗ (Q) = ρ0 t ∗ (Q).
≤ 1+
ρ0

(by assumption s ≥ ρ0 )

For 1 ≤ t < T, we have f it (X t ) > ρ0 t ∗ (Q), which implies the critical machine
at time t is machine M1 . Hence, moving any job scheduled on M1 to M2 will decrease
the fitness function value at time t.
At iteration t, we denote by A1 the event that there exists a job Ji on M1 with
s
(t1 (X t ) − t2 (X t )) and A2 the complement
processing time pi satisfying pi ≥ 1+s
event of A1 . We also use 1 Ai (i = 1, 2) to represent the indicator random variable of
event Ai .
If A1 happens, we have t1 (X t ) − pi ≤ t2 (X t ) + psi . Thereafter, moving Ji from M1
to M2 implies X t+1 ∈ S1 [by (7)], and the distance value decreases at least p. Since
the probability of the event that a job moves from M1 to M2 while keeping the other
1
, we get
n − 1 jobs unchanged is n1 (1 − n1 )n−1 ≥ en
d(X t ) − E(d(X t+1 ) | d(X t )1 A1 ) ≥

p
.
en

(8)

s
If A2 happens, the processing time of any job J j ∈ M1 satisfies p j < 1+s
(t1 (X t ) −
pj
t2 (X t )), i.e. t1 (X t ) − p j > t2 (X t ) + s . Thereafter moving any job J j from M1 to
M2 implies that the distance value is decreased at least p j . Hence, we have

d(X t ) − E(d(X t+1 ) | d(X t )1 A2 ) ≥


1 1
pj,
en | M1 |
J j ∈M1

where | M1 | denotes the cardinality of M1 and | M1 |≤ n.
Noting at iteration t,


p j = t1 (X t ) > ρ0 t ∗ (Q)

J j ∈M1

≥ ρ0

1
p,
1+s

we get
d(X t ) − E(d(X t+1 ) | d(X t )1 A2 ) ≥

(by (6))

p
ρ0
.
e(1 + s) n 2

(9)

Case 2 s < ρ0 .
The situation of Case 2 is much more complicated.
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For 1 ≤ t < T , we consider two subcases.
Case 2.1 Machine M2 defines the fitness function at iteration t, i.e. f it (X t ) =
t2 (X t ) > ρ0 t ∗ (Q).
We claim that any job Ji on M2 with pi satisfies pi ≤ (ρ0 − 1) p. Otherwise, there
p
exists a job J j on M2 with p j > (ρ0 − 1) p. We have t ∗ (Q) > (ρ0 −1)
. Therefore we
s
obtain
p
pρ0
p ρ0
=
(10)
t2 (X t ) ≤ =
(ρ0 − 1) < ρ0 t ∗ (Q),
s
s ρ0
s
which is a contradiction.
Since, by assumption, t2 (X t ) > ρ0 t ∗ (Q), the load of M2 at iteration t is at least
s
s
sρ0 t ∗ (Q) ≥ 1+s
ρ0 p(by (6)), and the load of M1 is at most p − 1+s
ρ0 p.
For any job Ji ∈ M2 with pi ≤ (ρ0 − 1) p, using the above result we have

t1 (X t ) + pi ≤


p
s
ρ0 p + (ρ0 − 1) p = ρ0
≤ ρ0 t ∗ (Q).
p−
1+s
1+s

(11)

Similar to Case 1, at iteration t, let B1 be the event that there exists a job J j on M2
s
with p j > 1+s
(t2 (X t ) − t1 (X t )) and B2 the complement event of B1 . And denote by
1 Bi (i = 1, 2) the indicator random variable of event Bi .
p
If B1 happens, there exists a job J j on M2 with p j satisfying t2 (X t ) − sj <
t1 (X t ) + p j . Using (11), after job J j migrates from M2 to M1 then the processing
p
p
times of M1 and M2 are t1 (X t ) + p j and t2 (X t ) − sj which satisfy t2 (X t ) − sj <
∗
t1 (X t ) + p j ≤ ρ0 t (Q). Therefore the reduction in the distance is at least p. Hence
we get
p
.
(12)
d(X t ) − E(d(X t+1 ) | d(X t )1 B1 ) ≥
en
p

If B2 happens, for any job Ji on M2 , the processing time pi satisfies t2 (X t ) − sj ≥
t1 (X t ) + p j . Therefore, after a job Ji migrates from M2 to M1 the reduction in the
distance is at least psi . Similar to that of Case 1, we have
d(X t ) − E(d(X t+1 ) | d(X t )1 B2 ) ≥

p
ρ0
.
e · s · (1 + ρ0 ) n 2

(13)

Case 2.2 Machine M1 defines the fitness function at iteration t, i.e. f it (X t ) =
t1 (X t ) > ρ0 t ∗ (Q).
Similar to that of Case 1, we consider two possible events.
We denote by C1 the event that there exists a job J j on M1 with processing time p j
s
satisfying p j ≥ 1+s
(t1 (X t ) − t2 (X t )) and C2 the complement event of C1 . We also
use 1Ci (i = 1, 2) to represent the indicator random variable of event Ci .
If C1 happens, we further distinguish two subcases.
Case 2.2.1 p j ≥ (ρ0 − 1) p.
p
It is easy to see t ∗ (Q) ≥ (ρ0 −1)
.
s
p
If p j moves from M1 to M2 , then the processing time of M2 is t2 (X t ) + sj ≤ sp ≤
ρ0 t ∗ (Q) [similar to (10)] and the processing time of M1 is t1 (X t ) − p j ≤ p − p j ≤
ρ0 p
ρ0 p
≤ 1+s
≤ ρ0 t ∗ (Q). Therefore moving p j from M1 to M2 decreases
(2 − ρ0 ) p < 1+ρ
0
the distance value by at least p.
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s
Case 2.2.2 1+s
(t1 (X t ) − t2 (X t )) ≤ p j < (ρ0 − 1) p.
It is clear that
pj
.
t1 (X t ) − p j ≤ t2 (X t ) +
s

(14)

ρ0 p
By assumption, t1 (X t ) = f it (X t ) > ρ0 t ∗ (Q) ≥ 1+s
. Then the load of M2 at
ρ0 p
ρ
p
1
0
iteration t is at most p − 1+s and t2 (X t ) ≤ s ( p − 1+s ).
If p j migrates from M1 to M2 , the processing time of M2 is

pj
1
t2 (X t ) +
≤
s
s



ρ0 p
p−
1+s


+

(ρ0 − 1) p
ρ0 p
=
≤ ρ0 t ∗ (Q),
s
1+s
p

and the processing time of M1 is t1 (X t ) − p j ≤ t2 (X t ) + sj ≤ ρ0 t ∗ (Q) [by (14)].
It follows that moving p j from M1 to M2 reduces the distance value at least p.
Combining Cases 2.2.1 and 2.2.2, we obtain
d(X t ) − E(d(X t+1 ) | d(X t )1C1 ) ≥

p
.
en

(15)

If C2 happens, the scenario is similar that of event A2 , and we have
d(X t ) − E(d(X t+1 ) | d(X t )1C2 ) ≥

p
ρ0
.
e(1 + ρ0 ) n 2

(16)

Combining (8),(9),(12),(13),(15) and (16), we obtain (5).
Now, by (4) and (5), we have
Z T ≥ YT +

cp
T − E(Y0 ),
n2

where c is an appropriate constant.
Taking the expectation and applying optional stopping theorem yield
E(YT ) +

cp
E(T ) − E(Y0 ) ≤ E(Z T ) = E(Z 0 ).
n2

Since E(YT ) = 0, E(Z 0 ) = 0 and E(Y0 ) ≤ p, we obtain
E(T ) = O(n 2 ).
This completes the proof.
The key of the above proof lies in the estimate of the expected one-step distance
decrease that is similar to one-step drift in [8]. However, in contrast to the drift analysis,
we make use of optional stopping theorem to obtain the runtime bound. The above
proof also implies that the result of drift analysis [8] may be deduced from optional
stopping theorem.
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Table 2 The approximation ratio obtained by the (1+1)EA
P2 || Cmax

Q2 || Cmax

4/3 [18]

√
1+ 5 [Th. 4]
2

The approximation ratio ρ0 in Theorem 4 that the (1+1)EA is able to obtain within
expected polynomial time is almost tight, as can be seen in the following worst-case
example.
E xampleI2 Consider the Q2 || Cmax instance in which machine M1 has speed one
and machine M2 has a speed of ρ0 . We have n jobs J1 , . . . , Jn with processing times
0
p1 = (1 − )ρ0 and pi = 1+ρ
n−1 for i = 2, . . . , n, where  is a constant satisfying
0<<

ρ02 −1
. In the following,
ρ02 +ρ0

for simplicity, we assume that n is sufficiently large

ρ0
1+ρ0 (n

− 1) is an integer.
and
ρ0
The optimal schedule for I2 is obtained by assigning the large job J1 and 1+ρ
(n−1)
0

1
small jobs to machine M2 and by assigning all other 1+ρ
(n − 1) jobs to M1 . The
0
optimal makespan of I2 is one.
Now consider schedule σ2 in which the large job J1 is assigned to M1 and all other
n − 1 small jobs are assigned to M2 . The makespan for this schedule is max{(1 −
0
)ρ0 , 1+ρ
ρ0 } = (1 − )ρ0 .
To decrease the makespan, the (1+1)EA has to move the large job J1 from M1 to
ρ0
(n − 1) small jobs from M2 to M1 . The probability that this
M2 and move at least 1+ρ
0
event happens is bounded above by n −(n) . Hence, starting from the aforementioned
schedule σ2 , the (1+1)EA needs on average n (n) steps to decrease the makespan. We
have now proven:

Theorem 5 Starting with aforementioned schedule σ2 , the (1+1)EA on instance I2
takes on average n (n) steps to create a solution better than (1 − )ρ0 approximation.
Table 2 summarizes the approximation ratio obtained by the (1+1)EA for multiprocessor scheduling problem.

4 The Analysis of the (1+1)EA on Three Selected Instances of the
Multiprocessor Scheduling Problem
A local search algorithm starts with an initial solution and then searches the solution
space by iteratively moving from one solution to a neighbor solution. Local search
algorithms often get trapped in local optima. The evolutionary algorithm is usually
considered a global optimization method that can escape local optima.
In this section, we describe three instances for the multiprocessor scheduling problem: P || Cmax instance I3 , Q || Cmax instance I4 and R2 || Cmax instance I5 . We
demonstrate that evolutionary algorithms can solve them in polynomial expected time,
but the local search algorithms may get stuck in local optima. The rigorous theoretical
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(a)
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(b)

Fig. 1 a The optimal schedule for instance I3 . b The locally optimal schedule for the jump and swap local
search algorithms on instance I3

analysis shows that evolutionary algorithms can beat local searches on instances of
the natural optimization problem.
Recall that in Sect. 2.3 a feasible solution (schedule) is presented by a row vector
x = (x11 , . . . , x1n , x21 , . . . , x2n , . . . , xm1 , . . . , xmn )
max n
j=1 x i j p j .
i
The objective for the scheduling problem is to find a schedule to minimize the
makespan. Recall that in Theorem 5, the (1+1)EA starting with schedule σ1 needs
on average exponentially many steps to solve R || Cmax instance I2 . This is because
there are n machines defining the the makespan for σ1 and the (1+1)EA needs to
mutate simultaneously these machines to decrease the fitness value. Considering the
case where more than one machine defines the makespan, we transform the objective
function into a fitness function as
satisfying

m

i=1 x i j

= 1 and the makespan for x is makespan(x) =

f it1 (x) = makespan(x)+ | M(x) |,

(17)

where M(x) is the set of machines defining the makespan of x.
In fitness function (17), a penalty-like term M(x) is added to penalize the solution
whose makespan is defined by more than one machine. By using fitness function
(17), we will show that the runtime of EAs on three instances could be dramatically
improved in Theorem 6 through 8 below.
We first present P || Cmax instance I3 which is similar to the ones given by Michiels
et al. [35] and Langston [28].
E xampleI3 Consider m machines M1 , . . . , Mm and n = 2m + 1 jobs J1 , . . . , Jn .
The processing times of n jobs are pi = m for i = 1, . . . , m and pi = 1 for i =
m + 1, . . . , 2m + 1. The job with processing time m (1) is called a large (small) job
(respectively). The optimal makespan is m + 2. An optimal schedule is depicted in
Fig. 1a in which machine M1 processes one large job and two small jobs, and each of
the other machines processes one large job and one small job.
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In the schedule depicted in Fig. 1b, machine M1 processes two large jobs, Mi
processes one large job for i = 2, . . . , m − 1, and Mm processes m + 1 small jobs. We
can see that moving just one job or swapping any pair of jobs in this schedule does not
decrease the makespan. This schedule is jump and swap optimal with makespan 2m.
Contrary to the jump and the swap local search algorithms that may be trapped in
a local optimum, the theorem below shows that the (1+1)EA on instance I3 can reach
the globally optimal solution within an expected polynomial time.
Theorem 6 Starting with any initial solution, the expected running time of the
(1+1)EA on instance I3 is O(n 4 ).
Proof We partition search space {0, 1}mn into four disjoint sets Ai (i = 1, 2, 3, 4) with
respect to different makespan values as follows
A1 = {x ∈ {0, 1}mn | x is a feasible solution, makespan(x) > 2m},
A2 = {x ∈ {0, 1}mn | x is a feasible solution, makespan(x) = 2m},
A3 = {x ∈ {0, 1}mn | x is a feasible solution, m + 2 < makespan(x) < 2m},
A4 = {x ∈ {0, 1}mn | x is a feasible solution, makespan(x) = m + 2}.
Note that during the run of the (1+1)EA the fitness value f it1 (X t ) of the current
string (solution) X t never increases.
max
l the smallest
If the current string X t belongs to A1 , we denote by tmin (X t ) =
i i
load for the current schedule, where li (i = 1, . . . , m) is the load of machine Mi for
Xt .
Recall that makespan(X t ) is the largest load for X t . Due to the definition of A1 ,
we have makespan(X t ) ≥ 2m + 1 and tmin (X t ) ≤ m. Then, moving a job from
a critical machine that defines makespan(X t ) to a machine that defines tmin (X t )
will decrease the fitness value by at least one. The probability for this event equals
1
1
1 n−1
≥ e−1 n(m−1)
, since a job moves from a machine to another specific
n(m−1) (1 − n )
1
machine with probability n(m−1) and remains on the same machine with probability
1 − n1 .
Noting that the fitness value is a positive integer and not greater than m 2 + m + 1,
we conclude that after expected time O(nm 3 ) the (1+1)EA reaches A2 ∪ A3 ∪ A4 .
Now we assume the current string X t belongs to A2 , i.e. makespan(X t ) = 2m.
We distinguish two cases.
Case 1 There exists a critical machine that processes a large job and m small jobs.
Because X t ∈ A2 , the shortest processing time tmin (X t ) is at most m. Hence,
moving a small job from the aforementioned critical machine to a machine that defines
tmin (X t ) decreases the fitness value by at least one, and the probability for this event
1
.
is at least e−1 n(m−1)
Case 2 Every critical machine processes two large jobs.
By pigeon hole principle, there exists a machine Mk that does not process any large
job. Note that Mk processes at most m + 1 small jobs.

123

Algorithmica (2015) 73:21–41

37

If the load of machine Mk is less than m, then moving a large job from a critical
machine to machine Mk decreases the fitness value by at least one, and again the
1
.
probability for this event is at least e−1 n(m−1)
If otherwise the load of Mk is not less than m (and at most m + 1), then moving
a large job from a critical machine to Mk and two small jobs from Mk to this critical
machine will decrease the fitness value by at least one, and the probability for this
m
1
1
1
)3 (1 − n1 )n−3 ≥ 2e
.
event is bounded below by ( )( n(m−1)
n 3 (m−1)
2
Combining cases 1 and 2, we conclude again that after expected time O(n 3 m) the
(1+1)EA reaches A3 ∪ A4 .
Once the (1+1)EA reaches A3 , due to the definition of set A3 , the critical machine
for the current schedule processes a large job and l small jobs, where l is in the interval
[3, m − 1]. And the smallest load for the current schedule is at most m + 1.
It follows that moving a small job from the aforementioned critical machine to
a machine defining the smallest load will decrease the fitness value by at least one.
1
. Since the number of different
Again the probability for this event is at least e−1 n(m−1)
fitness values in this phase is not greater than 2m, the (1+1)EA reaches A4 the global
optimal within expected time O(nm 2 ).
Altogether, we have proven the proposed upper bound.
Cho and Sahni [27] showed that the list scheduling algorithm has a performance of
for Q || Cmax . Using the same techniques, Michiels et al. [35] proved the
same performance guarantee for jump local search algorithm. The following example
given by Schuurman and Vredeveld [31] shows that the aforementioned bound is tight.
E xampleI4 Consider√ a Q || Cmax instance that has m machines and m jobs. M1
has a speed of s = 1+ 24m−3 and all other machines have speed one. Note that m
satisfies m = s 2 − s + 1. Job J1 has a processing requirement of s and all other jobs
have processing requirement one.
In the optimal schedule with makespan one, machine M1 processes large job J1
and each of the other machines processes one small job. Now consider schedule σ3 in
which machine M2 processes large job J1 and machine M1 processes all other small
jobs. Because moving any job in σ3 does not decrease the makespan, σ3 is locally
optimal for the jump local search algorithm. The makespan
for σ3 is s, and the jump
√
local search algorithm has performance ratio s = 1+ 24m−3 .
√
1+ 4m−3
2

Theorem 7 Starting with any initial solution, the (1+1)EA using fitness function (17)
for instance I4 reaches the optimal schedule in expected runtime O(m 4 ).
Proof We divide the run of the (1+1)EA into three phases with respect to the fitness
function (17): f it1 (x) > s, f it1 (x) = s and 1 < f it1 (x) < s, where x is the feasible
solution (schedule).
During any time in the first phase, since the fitness is greater than s, the critical
machine must be one of machines M2 , . . . , Mm and it processes at least two jobs. Then
moving a job from the critical machine to an empty machine decreases the fitness value
1
. Noting the
by at least one, and the probability for this event is at least e−1 m(m−1)
fitness function value is at most s + (m − 1), the (1+1)EA finishes the first phase in
expected time O(m 3 ).
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During the time in the second phase, we consider two cases: there exists a critical
machine that does not process job J1 and otherwise. For the first case, the critical
machine processes at least two small jobs, and moving a small job from the critical
machine to an empty machine will decrease the fitness function value. For the second
case in which the critical machine processes job J1 , we pessimistically assume that
the current schedule is σ3 , then moving J1 from the critical machine to M1 and a
small job from M1 to any empty machine will decrease the fitness function value. The
1
probability for this event is at least e−1 (m(m−1))
2 . Therefore, the (1+1)EA finishes the
second phase in expected time O(m 4 ).
During any time in the third phase, job J1 must be assigned to machine M1 , and
any critical machine processes at least two jobs. Again, moving a small job from the
critical machine to an empty machine decreases the fitness function value by at least
1
1
−1
s . The probability for this event is at least e
m(m−1) . Hence the (1+1)EA finishes
3
the third phase in expected time O(m ).
Altogether the theorem follows.

For unrelated parallel machines environment, Schuurman and Vredeveld [31] presented an instance of two machines to show that a swap optimal schedule for R2 || Cmax
instance can be as bad as n − 1 times the optimal makespan, i.e. the performance guarantee of swap optimal schedule for R2 || Cmax is at least n − 1. However, we will
show that the (1+1)EA on this instance can obtain the optimal makespan in expected
runtime O(n ln n).
E xampleI5 [31]. There are two machines M1 and M2 , and n jobs J1 , . . . , Jn . The
processing time of job J j on machine Mi is given by
⎧
⎨ 1,
pi j = n − 1 −
⎩ 1
n−1 ,

1
n−1 ,

i = 1, j = 1, . . . , n,
i = 2, j = 1,
i = 2, j = 2, . . . , n.

In the optimal schedule with makespan one, job J1 is assigned to machine M1 and
the other jobs are assigned to machine M2 .
Now consider the schedule in which job J1 is assigned to M2 and the other jobs are
assigned to M1 . This schedule is swap optimal: swapping any pair of jobs from one
machine to another machine does not decrease the makespan. Furthermore, it has a
performance ratio of n − 1.
Theorem 8 Starting with any initial solution, the (1+1)EA on instance I5 reaches the
optimal schedule in expected time O(n ln n).
Proof The proof is similar to that of Theorem 6
Since instance I5 has two machines, again we use a bit string x = (x1 , · · · , xn ) ∈
{0, 1}n to represent a feasible solution (schedule), where xi = 1 if Ji is assigned to
M1 and otherwise it is assigned to machine M2 .
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The objective (fitness) function to be minimized is the makespan of the schedule.
We partition the search space {0, 1}n into three disjointed sets B1 , B2 and B3 with
B1 = {x ∈ {0, 1}n | makespan(x) > n − 1},
B2 = {x ∈ {0, 1}n | makespan(x) = n − 1},
B3 = {x ∈ {0, 1}n | makespan(x) < n − 1}.
If the current solution belongs to B1 , we consider two cases: the critical machine
is M1 and otherwise M2 .
If M1 defines the makespan, then all jobs are assigned to M1 . Hence, moving any
job from M1 to M2 decreases the fitness value by at least one, and the probability for
this event is at least 1e .
If M2 defines the makespan, then job J1 and at least two other jobs are assigned
to M2 . Hence, moving J1 from M2 to M1 decreases the fitness value at least one, and
1
.
again the probability for this event is at least en
We conclude that the algorithm leaves B1 in expected time O(n).
Now we assume the current string belongs to B2 . We consider two cases: job J1 is
assigned to M1 and otherwise M2 .
If J1 is assigned to M1 , M1 defines the makespan that equals n − 1. It follows that
moving any job except J1 from M1 to M2 decreases the fitness value by at least one,
1
.
and the probability for this event is at least en
If J1 is assigned to M2 , the number of other jobs that are assigned to M1 is not less
than n − 2 since the current makspan is n − 1. Therefore moving J1 from M2 to M1
and two other jobs from M1 to M2 decreases the fitness value by at least one, and the
probability for this event is ( n1 ).
We conclude that the algorithm leaves B2 in expected time O(n).
Now we assume the current string belongs to B3 . Note that job J1 is assigned to
M1 in this phase. If the current schedule is not the optimal schedule, moving a job
except J1 from M1 to M2 decreases the fitness value by at least one. There are at most
n − 3 different fitness values in this phase, therefore similar to the scenario of OneMax
function [7], the (1+1)EA reaches the optimal schedule in expected time O(n ln n).
Altogether the theorem follows.

5 Conclusion
In this paper, we present the theoretical analysis of EAs for the multiprocessor scheduling problem. For Q2 || Cmax√problem, we demonstrate that the (1+1)EA can achieve
an approximation ratio of 1+2 5 in polynomial time. We also show that EAs beat local
search algorithms on three selected multiprocessor scheduling problem instances. A
natural question is whether EAs can obtain the other approximation ratios in Table 1 in
polynomial time. Furthermore, we may ask whether EAs can improve these approximation bounds on local search algorithms. Another interesting problem is, what is the
performance of EAs on practical multiprocessor scheduling problems, such as online
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scheduling problem which is common to Youtube server. There still is much work to
be done to understand well how EAs work on NP-hard problems.
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